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1
$H$ Hilbert , $C$ . , $x\in H$
$\Vert x-z\Vert=\min\{\Vert x-y\Vert : y\in C\}$
$z\in C$ . . , $x\in H$ ,
$z$ $P_{C}$ , $PP_{C}$ $H$ $C$ .
$P_{C}$ , . , $z=P_{C}x$
$\langle x-z,z-y\rangle\geq 0$ , $\cdot$ $\forall y\in C$ (11)
. , $P_{C}$ nonexpansive ,
$\Vert P_{C}x-P_{C}y\Vert\leq\Vert x-y\Vert$ , $\forall x,y\in H$
.
Hilbert Banach . $E$
Banach , $C$ $E$ . , x\in E ,
$\Vert x-z\Vert=\min\{\Vert x-y\Vert : y\in C\}$
$z\in C$ , $x\in E$ , $C$ $z$
, $P_{C}$ , $Pc$ $E$ $C$ . Banach
(1.1) . , $z=P_{C}x$
$\langle J(x-z),z-y\rangle\geq 0$ , $\forall y\in C$ (12)
. , $J$ $E$ .
, Mosco[13] , $\{C_{n}\}$ Banach , $\{C_{n}\}$
$s- Li_{\mathfrak{n}}c_{n}$ $w- Ls_{n}C_{n}$
$x\in$ s-Li $C_{n}$
n
$\Leftrightarrow\exists\{x_{n}\}\subset E:x_{n}\in C_{n}(\forall n\in N),$ $x_{n}arrow x$
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$x\in$ w-Ls $C_{n}$
n
$\Leftrightarrow\exists\{C_{n_{t}}\}\subset\{C_{n}\}$ : $x_{n_{i}}\in C_{n}$. $(\forall i\in N),$ $x_{n_{1}}arrow x$
, $C_{0}=s- Li_{n}C_{n}=w- Ls_{n}C_{n}$ , $\{C_{n}\}$ $C_{0}$ Mosco ,
$C_{0}= M-\lim_{n}C_{n}$
. Banach $E$ $\{C_{n}\}$ Mosco $\{P_{C_{n}}\}$
. [19] 1984 .
1.1 ([19]). $E$ Fke’chet Banach , $E^{*}$ fkdchet
, $C_{0},$ $C_{1},$ $C_{1},$ $\ldots$ $E$ . $n\in N\cup\{0\}$
, $P_{n}$ $E$ $C_{n}$ . , (1) ( .
(1) $C_{0}= M-\lim_{n}C_{n}$
(2) $\lim_{narrow\infty}P_{n}x=P_{0}x,$ $\forall x\in E$
, Banach Mosco
. Hilbert Banach , 3




$E$ Banach , $E^{*}$ . $E$ , $||x\Vert=1,$ $\Vert y\Vert=1$
$E$ $x,$ $y(x\neq y)$ , $\Vert x+y\Vert<2$ . ,
, $\Vert x_{n}\Vert=\Vert y_{n}||=1,$ $\lim_{narrow\infty}||x_{n}+y_{n}\Vert=2$ $E$ $\{x_{n}\},$ $\{y_{n}\}$ ,
$\lim_{narrow\infty}||x_{n}-y_{n}\Vert=0$ .
Banach $E$ $x$ , $E^{*}$
$J(x)$ $:=\{x^{*}\in E^{*} : \langle x, x^{*}\rangle=\Vert x\Vert^{2}=\Vert x^{*}\Vert^{2}\}$
$J$ , $E$ .
$J$ $E$ . $S(E)$ $:=\{x\in E:\Vert x||=1\}$
, $x,$ $y\in S(E)$ , .
$\lim_{tarrow 0}\frac{\Vert x+ty\Vert-\Vert x\Vert}{t}$ (2.1)
Banach $E$ G\^ateaux , $S(E)$ $x,$ $y$ , (2.1)
. , $E$ . $y\in S(E)$ , (21)
$x\in S(E)$ , $E$ G\^ateaux .
$x\in S(E)$ , (2.1) ,y\in S(E) , $E$ Fr\’echet
. (2.1) $S(E)$ $x,$ $y$ , $E$ b\’echet




1. $x\in E$ , $J(x)$ ;
2. $x,$ $y\in E$ $x^{*}\in J(x),$ $y^{*}\in J(y)$ , $\langle x-y, x^{*}-y^{*}\rangle\geq 0$ ;
3. $E$ , $J$ 1 1 .
, $x\neq y\Rightarrow J(x)\cap J(y)=\emptyset$ .
4. $E$ ,
$x\in J(x),$ $y^{*}\in J(y),$ $x\neq y\Rightarrow\langle x-y, x^{*}-y^{*}\rangle>0$ ;
5. $E$ , $J$ ;
6. $E$ , $J$ ;
7. $E^{*}$ Fr\’echet , $E$ ,
.
$x_{n}-x\ \Vert x_{n}\Vertarrow\Vert x\Vert\Rightarrow x_{n}arrow x$
3 sunny nonexpansive retraction Mosco
$E$ Banach , $C$ $E$ . ,.E $C$ $Q$ sunny
, $x\in E$ $t\geq 0$
$Q(Qx+t(x-Qx))=Qx$
. , $E$ $C$ $Q$ retraction , $x\in C$
, $Qx=x$ . $E$ Banach , $E$ $C$ retraction
$Q$ sunny nonexpansive \mbox{\boldmath $\tau$}, ,
\langle x-Qx, $J(Qx-y)\rangle$ $\geq 0$ , $\forall y\in C$ (3.1)
. $E$ Banach , $E$ $C$ sunny nonexpansive
retraction ([17] ). , $E$ Banach $E$ $C$
sunny nonexpansive retraction $Q_{C}$ . $C$ $E$ .
, $C$ sunny nonexpansive retract (nonexpansive retract) , $E$ $C$ sunny
nonexpansive retraction (nonexpansive retraction) . $Bruck[4, 5]$ nonexpansive
retract .
31([4, 5]). $E$ Banach , . $T$ $E$ $E$
no$ne\varphi ansive$ , $F(T)\neq\emptyset$ . , $F(T)$ $none\varphi ansive$ retract .
; $Rei\bm{i}[14]$ , - [18] sunny nonexpansive retract .
3.2 ([14, 18]). $E$ Banach , G\^ateau-s .
, $E$ . $T$ $E$ $E$ $none\varphi ansive$ , $F(T)\neq\emptyset$
, $F(T)$ sunny $none\varphi ansive$ oetract .
, 1999 - [12] sunny nonexpansive retraction
.
3.3 ([12]). $E$ Banach , G\^ateaux . .
, $E$ , $C_{1},$ $C_{2},$ $C_{3},$ $\ldots$ convex sunny nonexPansive oetract
146
, $C_{0}= M-\lim_{n}C_{n}$ . $c_{0}\neq\emptyset$ , $c_{0}$ convex sunny nonerp ansive retract
. , $E$ $J$ , $x\in E$ J
$Q_{C_{n}}xarrow Q_{C_{\text{ }}}x$
.
, 2006 - [9] .
3.4 ([9]). $E$ Banach , $C_{0},$ $C_{1},$ $C_{2},$ $\ldots$ convex sunny
$none\varphi ans\dot{f}ve$ oetract , $E$ $J$ . , $n\in$ NU $\{0\}$





3.5 ([9, 12]). $E$ Banach , G\^ateaux .
, $E$ , $C_{0},$ $C_{1},$ $C_{2},$ $\ldots$ convex sunny nonexp nrive fetmct
, $E$ $J$ . , $n\in N\cup\{0\}$ , $Q_{n}$ $E$ $C_{\mathfrak{n}}$
sunny $none\varphi ansive$ oetraction . , (1) (2) .
(1) $C_{0}= M-\lim_{n}C_{n}$
(2) $x\in E$ , $\lim_{n}Q_{n}x=Q_{0}x$ .
35 .
3.6. $E$ Banach , G\^ateavx . , $E$
, $C_{0},$ $C_{1},$ $C_{2},$ $\ldots$ convex sunny noneqansive oetract , $E$
$J$ . , $n\in NU\{0\}$ , $Q_{n}$ $E$ $C_{n}$
sunny nonempansive oetraction . , (1) (2) .
(1) $C_{0}= M-\lim_{n}C_{n}$
(2) $x\in E$ $x$ $\{x_{n}\}\subset E$ ,
$\lim_{narrow\infty}Q_{n}x_{n}=Q_{0}x$.
4 generalized projection Mosco
$E$ , , Banach , $J$ $E$ $E^{*}$ . ,
$V(x,y)=\Vert x\Vert^{2}-2(x, J(y)\rangle+\Vert y\Vert^{2},$ $\forall x,y\in E$
$ExE$ $\mathbb{R}$ $V$ . $C$ $E$ . , $x\in E$
$V(z,x)= \min\{V(y,x) : y\in C\}$
$z\in C$ ([1] ), , $x\in E$ , $C$ $z$
$\Pi_{C}$ , $\Pi_{C}$ $E$ $C$ generalized projection .
147
generalized projection $\Pi_{C}$ , . , $z=\Pi_{C^{X}}$
$\langle Jx-Jz, z-y\rangle\geq 0$ , $\forall y\in C$ (4.1)
. ([1, 11] )\
2003 - - [7] generalized projection .
4.1 ([7]). $E$ Fr\’echet Banach , $E^{*}$ N\’echet
F $C_{0},$ $C_{1},$ $C_{1},$ $\ldots$ $E$ . $n\in N\cup\{0\}$
, $\Pi_{n}$ $E$ $C_{n}$ genemlized projection . , (1) (2)
.
(1) $C_{0}= M-\lim_{n}C_{n}$
(2) $x\in E$ , $\lim_{narrow\infty}\Pi_{n}x=\Pi_{0}x$ .
41 .
4.2. $E$ FV\’echet Banach , $E^{*}$ F\dagger $\cdot$\’echet
F $C_{0},$ $C_{1},$ $C_{1},$ $\ldots$ $E$ . $n\in N\cup\{0\}$
, $\Pi_{n}$ $E$ $C_{n}$ generalized projection . , (1)
.
(1) $C_{0}= M-\lim_{n}C_{n}$
(2) $x\in E$ $x$ $\{x_{n}\}\subset E$ ,
$\lim_{n}\Pi_{n}x_{n}=\Pi_{0}x$ .
5 sunny generalized nonexpansive retraction Mosco
$E$ Banach , $D$ $E$ . , $R:Darrow D$
generalized nonexpansive , $F(R)\neq\emptyset$ ,
$V(Rx,y)\leq V(x, y)$ , $\forall x\in D,$ $\forall y\in F(R)$
. $E$ Banach , $C$
. , $Rc$ $E$ $C$ retraction , $Rc$ suuny generalized nonexpaoive
,
$(x-R_{C}x, J(R_{C}x)-J(y)\rangle\geq 0$ , $\forall x\in E,$ $\forall y\in C$ (5.1)
. $E$ Banach , $E$ $C$ sunny nonexpansive
retraction ([8, 10] ). , $E$ Banach $E$ $C$
sunny generalized nonexpansive retraction $Rc$ . $C$ $E$
. , $C$ sunny generalized nonexpansive retract (generalized nonexpansive retract)
, $E$ $C$ sunny generalized nonexpansive retraction (generalized nonexpansive
retraction) . - [10] sunny generalized nonexpansive retract
.
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5.1 ([10]). $E$ Fr\’ec $et$ Banach , $J$
. B C $E^{*}\cross E$ , $(BJ)^{-1}0\neq\emptyset$ . , $(BJ)^{-1}0$ sunny generdized
none$\varphi ansive$ retract .
, 2006 - 2 .
5.2 ([8, 10]). $E$ Pt\’echet Banach , $J$
. , $\{C_{n}\}$ $E$ sunny generdized $none\varphi amive$ retract ,
$C_{0}= M-\lim_{\mathfrak{n}}C_{n}$ . , $C0\neq\emptyset$ , $0_{0}$ sunny generddized $none\varphi ansive$
retract . , $x\in E$ F $R_{C_{n}}xarrow R_{C_{\text{ }}}x$ .
5.3 ([9]). $E$ , , Banach 7 $C_{0},$ $C_{1},$ $C_{2},$ $\ldots$ convex
sunny generalized none$\varphi$ansive oetract , $E$ $J$ . ,
$n\in N\cup\{0\}$ , $R_{n}$ $E$ $C_{n}$ sunny generahzed $none\varphi ansive$ oetmction ,




S.4 ([8, 9, 10]). $E$ $F\succ\acute{e}chet$ Banach p $C_{0},$ $C_{1},$ $C_{2},$ $\ldots$
convex sunny generalized $none\varphi ansive$ xttact , $E$
. , $n\in N\cup\{0\}$ , $R_{n}$ $E$ $C_{n}$ sunny generalized $non\mathcal{L}qansive$
retraction . , (1) (2) .
(1) $C_{0}= M-\lim_{n}$ C
(2) $x\in E$ , $\lim_{n}R_{n}x=R_{0}x$ .
54 .
5.5. $E$ IV\’echet Banac F $C_{0},$ $C_{1},$ $C_{2},$ $\ldots$
convex sunny generdized nonexPansive retract , $E$ $J$ . ,
$n\in N\cup\{0\}$ , $R_{n}$ $E$ $C_{n}$ sunny generalized $none\varphi ansive$ oetraction
. , (1) .
(1) $C_{0}= M-\lim_{n}C_{n}$
(2) $x\in E$ $x$ $\{x_{n}\}\subset E$ ,
$\lim_{n}R_{n}x_{n}=R_{0}x$ .
6
Hilbert Banach 4 ( , generalized projection,
sunny nonexpansive retraction, sunny generalized nonexpansive retraction) .
4 . $E$ , ,
Banach . $C$ $E$ , $P_{C},$ $\Pi_{C},$ $Q_{C},$ $R_{C}$ $E$ $C$ ,
149
$ge$neralized projection, sunny nonexpansive retraction, sunny generalized nonexpansive retraction
. , $x\in E,$ $x_{0}\in C$ ,
$x_{0}=P_{C}x$ $\Leftrightarrow$ $\langle J(x-x_{0}), x_{0}-y\rangle\geq 0$ , $\forall y\in C$,
$x_{0}=\Pi_{C}x$ $\Leftrightarrow$ $\langle J(x)-J(x_{0}), x_{0}-y\rangle\geq 0$ , $\forall y\in C$,
$x_{0}=Q_{C}x$ $\Leftrightarrow$ $\langle x-x_{0}, J(x_{0}-y)\rangle\geq 0$ , $\forall y\in C$,
$x_{0}=R_{C}x$ $\Leftrightarrow$ $\langle x-x_{0}, J(x_{0})-J(y)\rangle\geq 0$ , $\forall y\in C$
. Hllbert (1.1) , 4 Banach
. , 4 Hilbert
. , Hilbert $J$ $I$
, 4 (11) .
, Banach Mosco 4
.
[19] $\Rightarrow$
- $[12]\$ - [9] $\Rightarrow$ sunny nonexpausive retraction
- - [7] $\Rightarrow$ generalized projection
- [8, 9, 10] $\Rightarrow$ sunny generalized nonexpansive retraction
, 3 ,
. . , 11
.
6.1. $E$ Pr\’echet Banach , $E^{r}$ Pt\’echet
, $C_{0},$ $C_{1},$ $C_{1},$ $\ldots$ $E$ . $n\in N\cup\{0\}\backslash$
, $P_{n}$ $E$ $C_{n}$ . , (1) (2) .
(1) $C_{0}= M-\lim_{n}$ C
(2) $x\in E$ $x$ $\{x_{n}\}$ $E$ ,
$\lim_{narrow\infty}P_{n}x_{n}=P_{0}x$ .
[1] Y. I. Alber, Metric and generalized projection operators in Banach spaoes: $prope\hslash ies$ and aP-
plications, Theory and Applications of Nonlinear Operators of Accretive and Monotone Type,
Dekker, New York, 1996, pp. 15-50.
[2] D. Butnariu and A. N. Iusem, Totally Convex Runctions for Fixed Points Computation and
Infin\’ite Dimensiond Optimization, Kluwer Academic Publishers, Dordecht, 2000.
[3] R. E. Bruck, $None\varphi ansive$ retract of Banach spaces, Bull. Amer. Math. Soc., 76 (1970), 384-386.
[4] R. E. Bruck, Propertie$s$ of fixed-point sets of nonerpansive mappin9 in Banac spaoes, Trans.
Amer. Math. Soc., 179 (1973), 251-262.
[5] R. E. Bruck, A common fixed point theorem for a commuting family of none rpansive maPpings,
Pacific J. Math., 53 (1974), 59-71.
150
[6] R. E. Bruck, On the almost-convergence of iterative of a nonexpansive mapping on Hilbert space
and the structure of the weak w-limit set, Israel J. Math., 29 (1978), 1-16.
[7] T. Ibaraki, Y. Kimura and W. Takahashi, Convergence Theorems for Generdized Projections and
Maximd Monotone Operators in Banach Spaces, Abstract and Applied Analysis, 2003 (2003),
621-629.
[8] ,
1484, 2006, $PP$ . 150-160.
[9] T. Ibaraki and W. Takahashi, Mosoco convergence of sequences of retracts of four no ear
projections in Banac spaoes, in Nonlinear Analysis and Convex Analysis (W. Takahashi and
T. Tanaka, eds.), Yokohama Publishers, in press.
[10] T. Ibaraki, W. Takahashi, A new projection and Convergence theorems for the projections in
Banach spaces, to appear.
[11] S. Kamimura and W. Takahashi, Strong convergence of a proximal-type algonithm in a Banac$h$
space, SIAM J. Optim., 13 (2002), 938-945.
[12] Y. Kimura and W. Takahashi, Strvyng convergence of sunny noneqansive retractions in Banach
spaces, PanAmer. Math. J., 9 (1999), 1-6.
[13] U. Mosco, Convergence of convex sets and of solutions of variationd inequalities, Adv. in Math.,
3 (1969), 510-585.
[14] S. Reich, Strong converyence $t$ eore $ms$ for resolvents Of accretive operators in Banach space, J.
Math. Anal. Appl., 75 (1980), 287-292.
[15] W. Ihkahashi, Nonlinear $\mathbb{R}nctional$ Analysis–Fixed Point Theory and Its Applications, Yoko-
hama Publishers, 2000.
[16] , , , 2000.
[17] , Convefgence Theorems for Nonlinear $Pr\dot{\eta}ections$ in Banach $\varphi aoes$,
1396, 2004, pp. 49-59.
[18] W. Takahashi and Y. Ueda, On Reich’s strong $conve\eta enoe$ theorems for resolvents of accretive
operators, J. Math. Anal. Appl., 104 (1984), 546-553.
[19] M. Tsukada, Convergence of best approximations in a smooth Banach $\Psi\emptyset oe$ , J. APprox. Theory,
40 (1984), 301-309.
151
